A coprime labeling of a graph of order n is an assignment of distinct positive integer labels in which adjacent vertices have relatively prime labels. Restricting labels to only the set 1 to n results in a prime labeling. In this paper, we consider families of graphs in which a prime labeling cannot exist with the goal being to minimize the largest value of the labeling set, resulting in a minimum coprime labeling. In particular, prism graphs, generalized Petersen graphs with k = 2, and stacked prism graphs are investigated for minimum coprime labelings.
Introduction
Let G be a simple graph of order n with vertex set V . We denote two adjacent vertices v, w as v ∼ w. A coprime labeling of G is a labeling of V using distinct labels from the set {1, . . . , m} for some integer m ≥ n in which adjacent vertices are labeled by relatively prime integers. If the integers 1, . . . , n are used as the labeling set, the labeling is called a prime labeling, and G is a prime graph or is simply referred to as prime. For graphs for which no prime labeling exists, our goal is to minimize the value of m, the largest label in the coprime labeling. This smallest possible value m for a coprime labeling of G, denoted by pr(G), is the minimum coprime number of G, and a coprime labeling with pr(G) as the largest label is a minimum coprime labeling of G. A prime graph would have a minimum coprime number of pr(G) = n.
Prime labelings of graphs were developed by Roger Entringer and first introduced by Tout, Dabboucy, and Howalla [14] . Numerous classes of graphs over the past forty years have been shown to be prime, as well as many classes for which a prime labeling has been shown to not exist. A summary of these results can be seen in Gallian's dynamic survey of graph labelings [8] . Most of our upcoming results center around the concept of minimum coprime labelings, which were first studied by Berliner et al. [3] with their investigation of complete bipartite graphs of the form K n,n . Asplund and Fox [1] continued this line of research by determining the minimum coprime number for classes of graphs such as complete graphs, wheels, the union of two odd cycles, the union of a complete graph with a path or a star, powers of paths and cycles, and the join of paths and cycles. Recently, Lee [11] made further progress on the minimum coprime number of the join of paths and complete bipartite graphs, in addition to investigating minimum coprime numbers of random subgraphs.
The focus of this paper is to determine the minimum coprime number of prism graphs, which are equivalent to the Cartesian product of a cycle of length n and a path with 2 vertices, denoted as C n P 2 . Additionally, a prism graph is equivalent to the generalized Petersen graphs when k = 1. In the next section, we include preliminary material regarding the classes of graphs we will investigate and previous research on prime labelings of these graphs. In Section 3, we construct minimum coprime labelings of prism graphs GP (n, 1) for several specific cases of odd n as well as present a conjecture for all sizes of odd prisms. Section 4 includes results on the minimum coprime number of the generalized Petersen graph GP (n, 2), a graph which is not prime for any value n. Section 5 consists of results on minimum coprime number of stacked prism graphs, and finally we investigate a variation of a generalized Petersen graph in Section 6.
Preliminary Material
An important feature of a graph G that aides in determining whether a prime labeling may exist or if a minimum coprime labeling should instead be investigated is its independence number, denoted by α(G). Since even number labels must be assigned to independent vertices, the following criteria, first introduced in [7] , eliminates the possibility of a prime labeling on many classes of graphs.
Lemma 1. [7]
If G is prime, then the independence number of G must satisfy α(G) ≥
The generalized Petersen graph, denoted GP (n, k) where n ≥ 3 and 1 ≤ k ≤ (n − 1)/2 , consists of 2n vertices v 1 , . . . , v n , u 1 , . . . , u n . It has 3n edges described by v i ∼ v i+1 , u i ∼ u i+k , and v i ∼ u i where indices are calculated modulo n. In the particular case of k = 1, the two sets of vertices form n-gons that are connected to form a prism graph, which will be our first graph that we investigate.
When n is odd, GP (n, 1) consists of two odd cycles connected by a perfect matching. Only (n−1)/2 vertices on each cycle can be independent, hence α(GP (n, 1)) = n − 1 for odd n. Then by Lemma 1, GP (n, 1) is not prime in this case, a property which extends to any value of k when n is odd. In fact, GP (n, k) was proven to not be prime in [12] for any odd value of n as well as when n and k are both even. Independence numbers for generalized Petersen graphs for certain cases have been determined [2, 4, 6] that help provide bounds for the minimum coprime numbers of GP (n, k) in the non-prime cases.
The remaining case of GP (n, k) with n even and k odd is conjectured to be prime for all such n and k. When k = 1, the prism graph GP (n, 1) has been proven to be prime in many specific cases in [9] such as when 2n + a or n + a are prime for several small values of a. Additional cases of GP (n, 1) were proven to be prime in [12] . Dean [5] proved the conjecture that all ladders are prime. Since ladders are simply prism graphs with two edges removed, one might expect his prime labeling to carry over to GP (n, 1). However, when applying this labeling to GP (n, 1), these two additional edges do not maintain the relatively prime condition for all n.
While some results have been found on GP (n, 3) in [10] , most work involving prime labelings of the generalized Petersen graph has been focused on the prism graph. In [13] a number theoretic conjecture was made to bolster the conjecture that GP (n, 1) is prime for all even n. Conjecture 2.1 in [13] stated that for any even integer n, there exists an s ∈ [1, n − 1] such that n + s and 2n + s are prime. By verifying this conjecture for all even n up to 2.468 × 10 9 , they demonstrated GP (n, 1) is prime with even n up to that value.
We conclude this section with the following observations, which will be used without citation in many of the theorems throughout this paper.
Observation 2. For positive integers a, b, and k, the following hold true:
• gcd{a, b} = gcd{ka, b}.
• gcd{a, b} = gcd{a − b, b}.
• gcd{a, b} = gcd{a + b, b}.
• If a + b is prime, then gcd{a, b} = 1.
• If a − b is a prime p and both a and b are not multiples of p, then gcd{a, b} = 1.
Prism Graphs
In this section, we provide several specific results for the minimum coprime number of GP (n, 1) and conjecture that pr(GP (n, 1)) = 2n + 1 for all odd n. Many of the theorems follow a similar proof strategy, but a general construction extended from our techniques seems unlikely without the resolution of longstanding number theory conjectures. See Figure 1 for an example of our first result showing a minimum coprime labeling for the prism GP (11, 1).
Theorem 3. If n is prime, then pr(GP (n, 1)) = 2n + 1. Proof. Label v 1 , . . . , v n as 1, . . . , n and u 1 , . . . , u n with n + 1, . . . , 2n − 1, 2n + 1 respectively. All adjacent pairs in {v 1 , . . . , v n } and in {u 1 , . . . , u n } have consecutive labels except for v 1 v n , u n−1 u n , and u 1 u n . The first pair includes 1 as one of the labels, and the second pair is labeled by consecutive odd labels. Lastly, u 1 u n have relatively prime labels since gcd{n + 1, 2n + 1} = gcd{2n + 2, 2n + 1} = 1.
It remains to show that the labels on u i and v i are relatively prime for each i. For i ≤ n − 1, the difference between the labels on v i and u i is n. Since n is assumed to be prime, these pairs are relatively prime by Observation 2. Finally when i = n, we have gcd{2n + 1, n} = gcd{n + 1, n} = 1. Therefore, this is a coprime labeling, hence pr(GP (n, 1)) ≤ 2n + 1. Since the independence number of GP (n, 1) is n − 1 when n is odd, a prime labeling is not possible, making pr(GP (n, 1)) > 2n. Thus when n is prime, we have pr(GP (n, 1)) = 2n + 1.
Theorem 4.
If n + 2 is prime, then pr(GP (n, 1)) = 2n + 1.
Proof. We will construct a labeling in the following manner. Label v 1 , . . . , v n with the numbers 1, . . . , n, respectively, and the vertices u 1 , . . . , u n with the labels n + 3, . . . , 2n + 1, n + 2, respectively.
Edges between vertices in {v 1 , . . . , v n } have vertices with consecutive labels or contain the label 1, and so gcd{ (v i ), (v i+1 )} = gcd{ (v 1 ), (v n )} = 1. Edges between vertices in {u 1 , . . . , u n } have vertices with consecutive labels or with labels n + 2 and 2n + 1 in which n + 2 is prime. Hence the labels between pairs of adjacent vertices in {u 1 , . . . , u n } are relatively prime. For i = 1, . . . , n − 1, since the difference of the labels on vertices u i and v i is n + 2, which is prime, gcd{ (u i ), (v i )} = 1. Lastly, u n and v n are labeled by consecutive odd integers. Thus, we have a coprime labeling that is minimal since GP (n, 1) is not prime for odd n. Thus, pr(GP (n, 1)) = 2n + 1 assuming n + 2 is prime.
Theorem 5. If 2n + 1 is prime, then pr(GP (n, 1)) = 2n + 1.
Proof. We construct a labeling by first labelling v 1 , . . . , v n as 1, . . . , n as in last theorem, but we label u 1 , . . . , u n in reverse order as 2n + 1, 2n − 1, 2n − 2, . . . , n + 1.
Edges connecting vertices in {v 1 , . . . , v n } have consecutive labels or contain the label 1, and so gcd{ (v i ), (v i+1 )} = gcd{ (v 1 ), (v n )} = 1. Edges between vertices in {u 1 , . . . , u n } have vertices with consecutive labels, with consecutive odd integer labels, or with the pair of labels n + 1 and 2n + 1, and so the labels on these adjacent vertices are relatively prime. For each i = 2, . . . , n, since (u i ) + (v i ) = 2n + 1, we know that gcd{ (u i ), (v i )} = 1 by Observation 2 because 2n + 1 is prime. Finally, the edge u 1 v 1 includes the label 1 on u 1 . Thus, this is a coprime labeling that shows pr(GP (n, 1)) = 2n + 1 when 2n + 1 is prime.
Theorem 6. If 2n − 1 is prime, then pr(GP (n, 1)) = 2n + 1.
Proof. Notice that when n ≡ 2 (mod 3), then 2n − 1 is divisible by 3, so we assume n ≡ 2 (mod 3). If n ≡ 0 (mod 3), then we use the labeling defined in Table 1 where the top row represents v 1 , . . . , v n and the bottom row represents u 1 , . . . , u n . One can see the pairs u i u i+1 and v i v i+1 have relatively prime labels, where gcd{ (u 1 ), (u n )} = gcd{2n + 1, 2n − 2} = 1 since n is a multiple of 3 in this case. The pairs u i v i have relatively prime labels for trivial reasons or because their sum is 2n + 1, which is assumed to be prime.
If n ≡ 1 (mod 3), then use the same labeling in Table 1 except 2n − 2 is labeled as 2n instead. This is a coprime labeling for similar reasoning as our first case, except now the pair of labels 2n and 2n − 3 on u 1 and u 2 , respectively, are relatively prime since n ≡ 1 (mod 3). In each case, the labeling is a minimum coprime labeling, proving pr(GP (n, 1)) = 2n + 1 assuming 2n − 1 is prime. For further results regarding minimum coprime labelings of prism graphs in other specific cases, see Appendix A. Using Theorems 3-6, along with Theorems 17-23 in the Appendix, an explicit minimum coprime labeling is given for GP (n, 1) for all n up to 1641. The following is a more general construction assuming a particular pair of prime numbers exists.
Theorem 7. Let n ≥ 3 be odd. If there exists an s ∈ [3, n − 1] such that n + s + 1 and 2n + s + 2 are prime, then pr(GP (n, 1)) = 2n + 1.
Proof. We use the labeling defined in Table 2 where the top row represents the vertices v 1 , . . . , v n and the bottom row represents the vertices u 1 , . . . , u n . The vertex pairs on edges of the form u 1 v 1 , u i u i+1 and v i v i+1 either contains the label 1, are consecutive integers, are consecutive odd integers, or are the relatively prime pair n + 1 and 2n + 1. The adjacent pairs u i v i for i = 2, . . . , s have labels that add to n + s + 1, and the pairs u i v i for i = s + 1, . . . , n are labeled by integers whose sum is 2n + s + 2. Since both of these sums are assumed to be prime, the labels on those pairs are relatively prime as well. Thus, since GP (n, 1) is not prime when n is odd, we have constructed a minimum coprime labeling proving that pr(GP (n, 1)) = 2n + 1 if such a value s exists. Recall that Conjecture 2.1 in [13] states that for all even integers n, there is an s < n such that n + s and 2n + s are both prime. If this is true for all even integers, then the previous theorem would prove the subsequent conjecture for all odd n since applying Conjecture 2.1 to the even integer n + 1 would result in n + s + 1 and 2n + s + 2 being prime. Results in [13] combine with Theorem 7 to confirm the following conjecture for odd n < 2.468 × 10 9 .
Conjecture 8. For all odd n ≥ 3, pr(GP (n, 1)) = 2n + 1.
Generalized Petersen Graphs with k = 2
We next consider the generalized Petersen graph in the case of k = 2. The vertices of GP (n, 2) with n ≥ 5 are still referred to as v 1 , . . . , v n ,u 1 , . . . , u n with the edges of the forms v i v i+1 , u i u i+2 , and v i u i in which indices calculated modulo n.
The independence number for generalized Petersen graphs when k = 2 is given by the formula 4n 5 , as shown in [2] through their study of minimum vertex covers of GP (n, 2). This results in the generalized Petersen graph with k = 2 not being prime for any value of n. The denominator of this formula for the independence number provides a natural direction by which to create an independent set for this graph by dividing GP (n, 2) into blocks that include 5 of the v i and 5 of the u i vertices. We utilize this technique in the following proof but limit ourselves for now to the case when n is a multiple of 5.
Lemma 9. Let m be a positive integer. Then pr(GP (5m, 2)) = 12m − 1.
Proof. We aim to construct a coprime labeling and later will show that it is minimal. We begin by assigning v 1 , . . . , v 5 the labels 2, 3, 5, 8, 9 and assigning u 1 , . . . , u 5 the labels 1, 4, 6, 7, 11, respectively. One can verify these ten labels form a coprime labeling when m = 1. For m > 1 we then define the following labeling for the block of ten vertices v 5k+1 , . . . , v 5k+5 , u 5k+1 , . . . , u 5k+5 for each 1 ≤ k < m
See Figure 2 for a visual representation of the labeling of the ten vertices in Equation (4.1) and their adjacent vertices. The labeling as currently defined is not enough to guarantee each pair of adjacent vertices has relatively prime labels, particularly for pairs of labels that have a difference of 5.
12k − 3 12k + 2 12k + 3 12k + 5 12k + 8 12k + 9 12k + 14
Figure 2: Visual representation of the labeling described in Equation (4.1) We alter the labeling by addressing cases for specific k values based on the divisibility of 12k − 1, 12k − 3, and 12k + 5. Before altering , first note that no adjacent vertices are both labeled by even integers. One can also observe that no labels that are multiples of 3 are assigned to adjacent vertices, including the adjacent pairs whose labels differ by 9. Additionally, the final vertices in the last block u n−1 , u n , and v n are adjacent to the vertices u 1 , u 2 , and v 1 , respectively. Since (u 1 ) = 1, it is relatively prime to the label of u n−1 . Likewise, (u 2 ) = 4 and (v 1 ) = 2, while (u n ) = 12n − 1 and (v n ) = 12n − 3 are both odd, making those adjacent pairs of labels also relatively prime.
As we define for the upcoming cases, the labels on vertices u 5k+4 , u 5k+5 , and v 5k+5 are not changed except in Cases 4b, 4c, and 4d, and this occurs only as the subsequent block is labeled. These three vertices are the only ones within the block of ten vertices v 5k+1 , . . . , v 5k+5 , u 5k+1 , . . . , u 5k+5 that are adjacent to vertices in the subsequent block, hence leaving these three vertices unchanged is essential to guaranteeing that adjacent labels on vertices in different blocks are relatively prime. Let
Label the vertices U k ∪ V k as in Equation 4.1. As previously observed, pairs of adjacent vertices in U k ∪ V k or adjacent pairs between the vertices in U k ∪ V k and {v 5k , u 5k , u 5k−1 } do not have labels that share a common factor of 2 or 3. The adjacent vertex pairs {u 5k , u 5k+2 }, {v 5k , v 5k+1 }, and {v 5k+3 , u 5k+3 } have labels that differ by 5. Our assumptions for this case ensure that these pairs are not both divisible by 5, resulting in the relatively prime condition being satisfied. Case 2: Assume that 5 | 12k + 5.
Use the labeling from Equation (4.1) except we redefine
Since we assumed 5 | 12k+5, it follows that 5 12k−1 and 5 12k−3, and thus after applying reasoning from Case 1, we need only check that (u 5k+3 ) is relatively prime with the labels of all neighbors of u 5k+3 . Since u 5k+3 is adjacent to u 5k+1 , u 5k+5 and v 5k+3 , we need that gcd{12k + 6, 12k + 1} = 1, gcd{12k + 6, 12k + 11} = 1, and gcd{12k + 6, 12k + 5} = 1. The third equality is trivial, and the first two equalities follow immediately from the Case 2 assumption. Case 3a: Next, suppose that 5 | 12k − 1 and 7 12k − 3. Use the initial labeling in Equation (4.1) with the following two altered labels
Notice that since 5 divides 12k − 1, we have gcd{12k + 10, 12k + 5} = 1. As before, we need only to check that (u 5k+2 ) and (v 5k+1 ) are relatively prime with the labels of any adjacent vertices. Clearly, gcd{12k + 2, 12k + 3} = gcd{12k + 4, 12k + 3} = 1. Since both 12k + 2 and 12k + 4 are not divisible by 3, we know that gcd{12k + 2, 12k − 1} = gcd{12k + 4, 12k + 1} = 1. Since 7 is assumed to not divide 12k − 3, gcd{12k + 4, 12k − 3} = 1. Finally, our assumption of 5 | 12k − 1 implies 5 12k + 2, hence gcd{12k + 2, 12k + 7} = 1.
Case 3b: We now assume 5 | 12k − 1 and 7 | 12k − 3. We reassign the following labels from
We need only check that these new labels are relatively prime with labels of any neighboring vertices. It is clear that gcd{12k + 6, 12k + 7} = gcd{12k + 6, 12k + 5} = gcd{12k + 5, 12k + 3} = 1.
Since 12k+2 is not divisible by 3, gcd{12k+2, 12k+5} = 1. By our assumption that 12k−1 is divisible by 5, gcd{12k + 3, 12k + 8} = 1. Since 12k − 3 is assumed to be divisible by 7, gcd{12k − 1, 12k + 6} = gcd{12k + 3, 12k + 10} = 1. Case 4a: Suppose that 5 | 12k − 3 and 7 12k − 3. We make the following changes to
Clearly we have gcd{12k + 4, 12k + 3} = gcd{12k + 2, 12k + 1} = gcd{12k + 8, 12k + 7} = gcd{12k + 10, 12k + 9} = 1.
Additionally, since none of the four reassigned labels are divisible by 3, it is clear that gcd{12k + 4, 12k + 1} = gcd{12k + 2, 12k + 5} = gcd{12k + 10, 12k + 7} = gcd{12k + 8, 12k − 1} = gcd{12k + 2, 12k + 11} = 1.
Our assumptions in this case include that 7 12k − 3 and also imply that 5 12k + 8 or 12k + 10. Thus we have gcd{12k + 4, 12k − 3} = gcd{12k + 8, 12k + 3} = gcd{12k + 10, 12k + 5} = 1.
Case 4b: Now suppose that 5 | 12k − 3, 7 | 12k − 3, and 11 12k − 3. Once again, we make four changes to in this case
Since the two vertices indexed by 5k are in the previous block of ten vertices, it is important to consider whether that block falls within a case in which any labels were swapped from the initial labeling of that block. Since we assume 5 | 12k − 3, 5 | 12k − 13 = 12(k − 1) − 1, whereas 7 | 12k − 3 implies 7 12k − 15 = 12(k − 1) − 3 so vertices in U k−1 ∪ V k−1 would be labeled according to Case 3a. Neither vertex whose label was swapped within Case 3a is adjacent to v 5k or u 5k , so the adjacent pairs of labels to consider from that block are 12k − 3 and 12k − 2, 12k − 3 and 12k − 1, and 12k − 1 and 12k − 4. Overall, there are ten adjacent pairs of labels that need to be verified as relatively prime. It is clear that gcd{12k − 3, 12k − 2} = gcd{12k − 3, 12k − 1} = gcd{12k + 8, 12k + 7} = gcd{12k + 4, 12k + 5} = 1.
Since the only reassigned label that is a multiple of 3 is 12k − 3, we have gcd{12k − 1, 12k − 4} = gcd{12k − 1, 12k + 2} = gcd{12k + 4, 12k + 7} = 1.
The assumption 5 | 12k − 3 implies 5 is not a factor of 12k + 8 or 12k + 4, hence gcd{12k + 8, 12k + 3} = gcd{12k + 4, 12k + 9} = 1.
Finally, by our assumption that 11 12k − 3, we know gcd{12k − 3, 12k + 8} = 1. Case 4c: Assume that 5 | 12k − 3, 7 | 12k − 3, 11 | 12k − 3, and 13 12k − 3.
Five reassignments of labels are needed
The reason why we can change the labels on v 5k and u 5k without causing any adjacent pairs of vertices to not be relatively prime is the same reason as given in Case 4a. There are ten additional pairs of labels that need to be shown to be relatively prime to complete this case. Clearly, gcd{12k − 1, 12k + 2} = gcd{12k + 4, 12k + 5} = gcd{12k + 10, 12k + 7} = gcd{12k + 8, 12k + 5} = gcd{12k + 8, 12k + 11} = gcd{12k + 4, 12k + 7} = 1.
By our assumption that 5 | 12k − 3, we know 5 is not a factor of 12k + 4, resulting in gcd{12k + 4, 12k + 9} = 1. Similarly, 7 is assumed to be a factor of 12k − 3, so 7 12k + 3 and 7 12k + 8; therefore, gcd{12k + 10, 12k + 3} = gcd{12k + 8, 12k + 1} = 1. Lastly, we assumed 13 12k − 3, hence gcd{12k − 3, 12k + 10} = 1, resulting in the relatively prime condition being satisfied. Case 4d: Finally we suppose that 5 | 12k − 3, 7 | 12k − 3, 11 | 12k − 3, and 13 | 12k − 3.
In this case, we only need one pair of labels to be swapped by relabeling u 5k−2 as 12k + 2 and v 5k+1 as 12k − 2. As in the last two cases, the previous block of vertices that contains u 5k−2 falls within Case 3a, which involves swapping two labels on vertices that are not adjacent to u 5k−2 . Its neighbors then are labeled by 12k − 11, 12k − 7, and 12k − 1, while the label 12k − 2 on v 5k+1 is adjacent to 12k − 3, 12k + 1, and 12k + 3. Thus, by our assumptions in this case, our reassigned labels are relatively prime with the labels of adjacent vertices.
Therefore, by our assumptions and case analysis, it is clear that all labels are relatively prime with their adjacent labels. Thus in each case the updated is a coprime labeling, making pr(GP (5m, 2)) ≤ 12m + 1. Since α(GP (5m, 2)) = 4(5m) 5 = 4m, we need 6m odd numbers to label the vertices in GP (5m, 2). Thus, pr(GP (5m, 2)) ≥ 12m − 1. Therefore, pr(GP (5m, 2)) = 12m − 1.
Theorem 10. The minimum coprime number for GP (n, 2) for n ≥ 5 is given by
12m + 3 if n = 5m + 1 12m + 5 if n = 5m + 2 12m + 7 if n = 5m + 3 12m + 9 if n = 5m + 4.
Proof. When n = 5m, we constructed in Lemma 9 a minimum coprime labeling with 12m − 1 as the largest label. For the remaining cases, we will build the labeling by using defined in Lemma 9 for the first 5m vertices in v 1 . . . v n and the first 5m vertices in u 1 . . . u n . Note that the vertices v 5m , u 5m , and u 5m−1 are not changed from the labeling defined in Equation (4.1). Hence, (v 5m ) = 12m − 3, (u 5m ) = 12m − 1, and (u 5m−1 ) = 12m − 5.
Suppose that n = 5m + 1. Label the remaining vertices as (u 5m+1 ) = 12m + 3 and (v 5m+1 ) = 12m + 1. By Lemma 9, we need only check that the following pairs of adjacent vertices have relatively prime labels: u 5m+1 v 5m+1 , u 5m u 1 , u 5m+1 u 2 , v 5m+1 v 1 , u 5m−1 u 5m+1 , and v 5m v 5m+1 . It is clear we have each of the following necessary relatively prime pairs gcd{12m − 1, 1} = gcd{12m + 1, 2} = gcd{12m + 3, 4} = gcd{12m + 1, 12m + 3} = gcd{12m − 5, 12m + 3} = gcd{12m − 3, 12m + 1} = 1.
Since the independence number is α(GP (5m + 1, 2)) = 4(5m+1) 5
= 4m, we have used the maximum number of even labels less than 12m + 3. Since all odd integers were used from 1 to 12m + 3, we have that pr(GP (n, 2)) = 12m + 3 in the case of n = 5m + 1.
Next, suppose that n = 5m + 2. We label the vertices v 1 , . . . , v 5m and u 1 , . . . , u 5m as in Lemma 9. Label the remaining vertices as
As explained above, (u 5m ) = 12m − 1, (v 5m ) = 12m − 3, and (u 5m−1 ) = 12m − 5. Also note that our new labels on vertices adjacent v 1 , u 1 , and u 2 make relatively prime pairs since (u 5m+2 ) and The independence number in this case is α(GP (5m + 2, 2)) = 4(5m+2) 5 = 4m + 1, which shows we used the maximum number of even labels since one of the last four vertex labels is even. Thus, pr(GP (n, 2)) = 12m + 5 when n = 5m + 2.
Assume next that n = 5m + 3. Again we label the vertices v 1 , . . . , v 5m and u 1 , . . . , u 5m as in Lemma 9. Label the remaining vertices as (u 5m+1 ) = 12m + 4, (u 5m+2 ) = 12m + 3, (u 5m+3 ) = 12m + 7, (v 5m+1 ) = 12m + 1, (v 5m+2 ) = 12m + 2, (v 5m+3 ) = 12m + 5.
Since (v 5m+3 ) and (u 5m+3 ) are odd, they are relatively prime with (v 1 ) and (u 2 ), respectively. The remaining adjacent pairs satisfy the following gcd{12m + 4, 12m − 5} = gcd{12m + 4, 12m + 1} = gcd{12m + 4, 12m + 7} = gcd{12m + 3, 12m − 1} = gcd{12m + 3, 12m + 2} = gcd{12m + 7, 12m + 5} = gcd{12m + 1, 12m − 3} = gcd{12m + 1, 12m + 2} = gcd{12m + 2, 12m + 5} = 1.
The independence number when n = 5m + 3 is α(GP (5m + 3, 2)) =
4(5m+3) 5
= 4m + 2, implying our use of two even labels on the final six vertices is the maximum allowable. Therefore, pr(GP (n, 3)) = 12m + 7 when n = 5m + 3.
Finally, when n = 5m + 4 we need to consider three cases when labeling the final eight vertices. In each case, the labels on u 5m+3 , u 5m+4 , and v 5m+4 trivially have no common factors with their respective adjacent vertices u 1 , u 2 , and v 1 . First, assume 5 12m + 2 and label the remaining vertices as (u 5m+1 ) = 12m + 4, (u 5m+2 ) = 12m + 8, (u 5m+3 ) = 12m + 3, (u 5m+4 ) = 12m + 9, (v 5m+1 ) = 12m + 1, (v 5m+2 ) = 12m + 5, (v 5m+3 ) = 12m + 2, (v 5m+4 ) = 12m + 7.
(4.8)
As before, v 5m , u 5m , and u 5m−1 are all constructed the same as in Equation (4. Additionally, our final pair satisfies gcd{12m + 2, 12m + 7} = 1 by our assumption of 5 12m + 2.
Next we assume 5 | 12m + 2 and 7 12m + 2. We label the eight vertices in the final block as in Equation (4.8) except reassign (u 5m+1 ) = 12m + 2 and (v 5m+3 ) = 12m + 4. The following show these two vertices have labels that are relatively prime with their neighbors, where the assumption of 7 12m + 2 is necessary for the first gcd calculation: u 5m+1 : gcd{12m + 2, 12m − 5} = gcd{12m + 2, 12m + 3} = gcd{12m + 2, 12m + 1} = 1 v 5m+3 : gcd{12m + 4, 12m + 5} = gcd{12m + 4, 12m + 3} = gcd{12m + 4, 12m + 7} = 1.
Finally, we assume 5 | 12m + 2 and 7 | 12m + 2. We label the vertices as follows:
(u 5m+2 ) = 12m + 2 (u 5m+3 ) = 12m + 7 (u 5m+4 ) = 12m + 1, (v 5m+1 ) = 12m + 5 (v 5m+2 ) = 12m + 3 (v 5m+3 ) = 12m + 4 (v 5m+4 ) = 12m + 9.
Since 12m + 2 is divisible by 5 and 7, we know that 12m is not divisible by 5 or 7 and likewise 12m + 4 is not divisible by 5, resulting in gcd{12m, 12m − 5} = gcd{12m, 12m + 5} = gcd{12m, 12m + 7} = gcd{12m + 4, 12m + 9} = 1.
The remaining adjacent pairs have relatively prime labels based on the following gcd{12m + 2, 12m − 1} = gcd{12m + 2, 12m + 1} = gcd{12m + 2, 12m + 3} = gcd{12m + 7, 12m + 4} = gcd{12m + 1, 12m + 9} = gcd{12m + 5, 12m − 3} = gcd{12m + 5, 12m + 3} = gcd{12m + 3, 12m + 4} = 1.
In all three cases for the final eight vertices, our relatively prime condition is true while using three even labels in this block. Since the independence number when n = 5m + 4 is α(GP (5m + 4, 2)) =
4(5m+4) 5
= 4m + 3, we have shown pr(GP (n, 2)) = 12m + 9 when n = 5m + 4, concluding our fifth and final case of n (mod 5).
We conclude this section with conjectures for the minimum coprime number of GP (n, k) for larger cases of k. The independence numbers, as given in [2] and [6] , for the case of k = 3 when n is odd is α(GP (n, 3)) = n − 2, and when n = 3k is α (GP (3k, k) 
. These values lead to the following conjectures, which we have verified for small values of n, although a minimum coprime labeling in each general case still alludes us.
Conjecture 11. For n ≥ 7, the minimum coprime number for GP (n, 3) if n is odd is pr(GP (n, 3)) = 2n + 3.
Conjecture 12. For k ≥ 2, the minimum coprime number for GP (3k, k) is given by pr(GP (3k, k)) = 7k if k is odd 7k + 1 if k is even.
Stacked Prisms
We next turn our focus to the class of graphs known as the stacked prism, also known as the generalized prism graph. A stacked prism is defined as Y m,n = C m P n for m ≥ 3 and n ≥ 1. See Figure 3 for an example of Y 3,6 with a minimum coprime labeling. We first focus on the stacked triangular prism, Y 3,n , which has 3n vertices. Its independence number is n since an independent set can contain at most one vertex from each triangle, and it is trivial to find such a set of n vertices. We demonstrate in the following result a way to apply a minimum coprime labeling based on how this independence number limits our use of even labels.
Theorem 13. The minimum coprime number for the stacked triangular prism is given by pr(Y 3,n ) = 4n − 1.
Proof. We refer to the vertices of Y 3,n as v i,j where i = 1, . . . , n and j = 1, 2, 3. Then the edges of the graph are of the form v i,j ∼ v i+1,j and v i,j ∼ v i,k for j = k. We form a coprime labeling recursively by labeling the vertices on the (i + 1) st triangle with (v i+1,r ), (v i+1,s ), (v i+1,t ) based on the labels chosen for the i th triangle, (v i,r ), (v i,s ), (v i,t ). First assign the labels (v 1,1 ) = 1, (v 1,2 ) = 2, and (v 1,3 ) = 3. Each subsequent (i + 1) st triangle for 1 ≤ i ≤ n − 1 will use the labels 4i + 1, 4i + 2, and 4i + 3 in some order (or 4i, 4i + 1, and 4i + 3 in one case) depending on which labels from the ith triangle are multiples of 3 and/or 5. In each case we assume (v i,r ) = 4i − 3, (v i,s ) = 4i − 2, and (v i,t ) = 4i − 1. Case 1: Suppose 5 4i − 3 and 3 4i − 2. In this case, we assign (v i+1,r ) = 4i + 2, (v i+1,s ) = 4i + 1, and (v i+1,t ) = 4i + 3. The three edges within the (i + 1) st triangle have relatively prime labels since they are either consecutive integers or consecutive odd integers. Since we assumed 5 4i − 3 and 3 4i − 2, the edges between the i th and (i + 1) st triangle satisfy the following: gcd{4i − 3, 4i + 2} = gcd{4i − 2, 4i + 1} = gcd{4i − 1, 4i + 3} = 1.
Case 2: Assume 5 | 4i − 3 and 3 4i − 1, which implies 5 4i − 2. We then assign (v i+1,r ) = 4i + 1, (v i+1,s ) = 4i + 3, and (v i+1,t ) = 4i + 2. Again the vertices within the newly labeled triangle have pairs of relatively prime labels. Since 5 4i − 2 and 3 4i − 1, the edges between the two triangles satisfy the following: gcd{4i − 3, 4i + 1} = gcd{4i − 2, 4i + 3} = gcd{4i − 1, 4i + 2} = 1.
Case 3: Next suppose 5 4i − 3 and 5 4i − 2, in which we assign (v i+1,r ) = 4i + 2, (v i+1,s ) = 4i + 3, and (v i+1,t ) = 4i+1. As in previous cases, we only need to verify the edges between the i th and (i+1) st triangles have relatively prime labels on their endpoints, which is satisfied since our assumptions of 5 4i − 3 and 5 4i − 2 result in gcd{4i − 3, 4i + 2} = gcd{4i − 2, 4i + 3} = gcd{4i − 1, 4i + 1} = 1.
Case 4: There are two remaining other possible assumptions that can be made about factors of 3 or 5 that would allow all cases to be covered: either 5 | 4i − 3 and 3 | 4i − 1, or 5 4i − 3 and both 3 and 5 divide 4i − 2. We handle these by combining them into one final case. This is because if 5 | 4i − 3 and 3 | 4i − 1, then this implies 5 4i + 1 and 3, 5 | 4i + 2. Therefore, having the first of these possible cases implies the second occurs on the next triangle, so we assign labels to the (i + 1) st and (i + 2) nd triangles at once while assuming 5 | 4i − 3 and 3 | 4i − 1. We set (v i+1,r ) = 4i, (v i+1,s ) = 4i + 1, and (v i+1,t ) = 4i + 3, as well as (v i+2,r ) = 4i + 5, (v i+2,s ) = 4i + 6, and (v i+2,t ) = 4i + 7. Note that the labels on one of the edges of the (i + 1) st do not trivially satisfy the relatively prime condition. However, gcd{4i, 4i + 3} = 1 since the assumption of 3 | 4i − 1 implies 3 4i, so the condition is satisfied nonetheless. Also note that while the (i + 1) st triangle does not use the three consecutive labels that have been used in other cases, the (i + 2) nd triangle does use the three consecutive values that allow us to continue with our recursion to find the (i + 3) rd triangle next.
We now verify the six edges from the i th triangle to the (i+1) st and (i+1) st triangle to the (i+2) nd have relatively prime endpoints. It is clear that gcd{4i − 1, 4i + 3} = gcd{4i + 3, 4i + 7} = 1. Since we assumed 3 | 4i − 1, we know 3 4i − 2 or 4i, hence gcd{4i − 2, 4i + 1} = gcd{4i − 3, 4i} = 1. Our assumption of 5 | 4i−3 implies 5 4i or 4i+1, thus resulting in gcd{4i, 4i+5} = gcd{4i+1, 4i+6} = 1.
In all four cases, we have verified that each pair of adjacent vertices is labeled by relatively prime integers, thus resulting in a coprime labeling once our recursion approach reaches i = n − 1. The final triangle will use 4(n − 1) + 3 = 4n − 1 as its largest label. Thus, since we used the maximum amount of n even labels based on the independence number and the smallest possible odd labels, we have proven pr(Y 3,n ) = 4n − 1.
We next investigate a minimum coprime labeling of the stacked pentagonal prism, Y 5,n , which has 5n vertices. Similarly to Y 3,n , its independence number is determined based on at most 2 independent vertices being on each pentagon. Thus, the independence number is α(Y 5,n ) = 2n, which leads to the following result on the minimum coprime number of the stacked pentagonal prism. See Figure 4 for an example of Y 5,6 with a minimum coprime labeling. Theorem 14. The minimum coprime number for the stacked pentagonal prism graph is pr(Y 5,n ) = 6n − 1. Proof. We will call v i,j the vertices of Y 5,n where i = 1, . . . , n and j = 1, 2, 3, 4, 5. We initially assign a labeling for i = 1, . . . , 70 as follows if i is odd
and using the following if i is even
Since the labeling differs on odd-and even-indexed pentagons, there are twenty types of adjacent pairs to consider as having relatively labels. If i is odd and k is even, the edges
, and v k,5 v k,1 are labeled by consecutive integers. The edges
, and v k,1 v k+1,1 are labeled by odd integers that have a difference of 2, 4, or 8. Edges of the
have labels that differ by 3 or 9, in which these labels are not multiples of 3. At this point, we have shown that the vertices on eighteen edges are relatively prime. The edges v i,4 v i+1,4 and v k,4 v k+1,4 have labels that differ by 5 and 7, respectively, and hence may not be relatively prime for certain i and k. Rather than detail numerous cases of alterations that need to be made to the labeling to fix these, we instead list the reassigned labels of 46 vertices from the 350 labels in which i = 1, . . . , 70, as seen in Table 3 . The labels in bold are the 46 that were reassigned to avoid adjacent labels sharing multiples of 5 and 7.
Two important facts regarding these newly assigned labels can be observed: each label is relatively prime with any adjacent label, resulting in a coprime labeling of the graph up to n = 70, and also that the largest difference between adjacent labels is 10.
To label the stacked pentagonal prism graph when n > 70, we assign for i > 70 and j = 1, . . . 5 the label (v i,j ) = (v i−70,j ) + 420. Since the greatest distance between adjacent labels on the first 70 pentagons was 10, only common prime factors 2, 3, 5, and 7 need to be considered. The shift by 420, which only has these four prime numbers as factors, results in the relatively prime condition remaining satisfied for all vertex pairs with i ≥ 71. The only exceptions that need to be verified are edges of the form v 70m,j v 70m+1,j for some positive integer m. We have the following pairs of labels that are adjacent: The first pair is relatively prime since they are odd integers differing by a power of 2. The second, third, and fifth pairs are not multiples of 3 and are separated by either 3 or 9. Finally, the fourth pair are separated by 7, but since 7 divides 420, neither of these are multiples of 7. Thus, these adjacent pairs of vertices all have relatively prime labels, making this a coprime labeling for n ≥ 71 as well.
Note that the largest label (v i,j ) for j = 1, . . . , 5 is 6i − 1 for all i, hence the largest label for Y 5,n is 6n − 1. Since we used the maximum of 2 even labels on each pentagon along with the smallest possible odd labels, we have proven that pr(Y 5,n ) = 6n − 1.
For the graphs Y 3,n and Y 5,n , the minimum coprime numbers were directly correlated to their independence number. This number is easy to obtain for stacked prisms involving larger odd cycles as well. Since α(C 2k+1 ) = k, one can observe that α(Y 2k+1,n ) = kn. A minimum coprime labeling could use at most kn even labels, forcing (2k + 1)n − kn = (k + 1)n odd labels to be used, leading to the following conjecture.
Conjecture 15. The minimum coprime number for stacked (2k + 1)-gon prism graph is pr(Y 2k+1,n ) = 2(k + 1)n − 1.
It should be noted to close this section that while we focused on the odd case, the stacked prisms with even-length cycles,
. Therefore, one would hope a prime labeling exists in this case, but this remains an open problem.
Variation of Generalized Petersen Graph
We extend the definition of the generalized Petersen graph for the case of even n and k = n 2 . We denote this graph by GP * (2k, k) and use the same notation for the vertices u 1 , . . . , u n and v 1 , . . . , v n with edges v i ∼ v i+1 , v i ∼ u i and u i ∼ u i+k where indices are calculated modulo n. Note that this graph differs from generalized Petersen graphs since deg(u i ) = 2 for all i = 1, . . . , n instead of the usual degree of 3 for GP (n, k). For an example of a minimum coprime labeling of GP * (20, 10), see Figure 5 . Theorem 16. For the graph GP * (2k, k) in which k ≥ 2, we have the following
Proof. We first assume k is odd. We begin by labeling the vertices of GP * (2k, k) as follows
For the pairs v i ∼ v i+1 and v i+k ∼ v i+1+k for i ∈ {1, . . . , k −1}, it is clear that gcd{ (v i ), (v i+1 )} ∈ {1, 7} and gcd{ (v i+k ), (v i+k+1 )} ∈ {1, 7}. Notice that gcd{ (v k ), (v k+1 )} = gcd{4k − 3, 4} = 1 and gcd{ (v 2k ), (v 1 )} = gcd{4k − 1, 1} = 1. For the edges u i u i+k , it is easily verified that when i ∈ {1, 3, . . . , k},
Similarly, gcd{ (u i ), (u i+k )} = 1 when i ∈ {2, 4, . . . , k − 1} and gcd{ (u i ), (v i )} = 1 for all i = 1, . . . , 2k since these pairs are consecutive integers. Thus, our only concern with the labeling is when u i and u i+1 are both divisible by 7. We handle these instances by breaking the proof into several cases based on the remainder of (v i )/3 and whether or not 5 divides (v i ) + 2. For the sake of simplicity, let (v i ) = a where i ∈ {1, 3, . . . , k}. Notice that in our labeling, (v i ) = a is odd in these cases in which (v i+1 ) − (v i ) = 7. In each of the cases below, we are supposing that a ≡ 0 (mod 7). Case 1: Suppose that a ≡ 1 (mod 3).
In this case, swap the labels a and a − 2. Notice that (u i−1 ) = a − 2. Since a is not divisible by 3, gcd{a, a − 3} = 1. Since a − 2 is also not divisible by 3, gcd{a − 2, a + 7} = gcd{a − 2, a + 1} = 1. Thus, the two labels involved in the swap are relatively prime with all adjacent labels. Case 2: Suppose that a ≡ 0 (mod 3) and 5 a.
In this case, swap the labels a + 5 and a + 7 on the vertices v i+1 and u i+1+k . Since a is not divisible by 5, gcd{a, a + 5} = 1. Since both a + 5 and a + 7 are not divisible by 3, gcd{a + 5, a + 8} = gcd{a + 4, a + 7} = 1. Thus, all newly adjacent pairs of labels after making this swap are relatively prime. Case 3: Suppose that a ≡ 0 (mod 15).
The labels a − 1, a, a + 1, a + 5, a + 6, a + 7 will become a + 7, a + 6, a + 5, a − 1, a, a + 1, respectively. Based on the placement of the swapped labels, we only need to check the gcd between six newly adjacent pairs of labels. Since a is a multiple of 3, 5, and 7, we have gcd{a + 1, a + 8} = gcd{a − 1, a + 4}, gcd{a + 5, a + 2} = gcd{a + 7, a − 2} = gcd{a + 1, a + 6} = 1.
Note that if i = 2k − 1, instead of the label a + 8, we have label 1 on v i+2 , which is still relatively prime with a + 1. Notice that the label a + 7 is also now on a vertex adjacent to the vertex labeled a − 8. Since a ≡ 0 (mod 15), gcd{a − 8, a + 7} = 1. Therefore, the reassigned labels are relatively prime with any newly adjacent label. Case 4: Suppose that a ≡ 2 (mod 3) and 5 a + 2.
In this case, swap the labels a and a + 2. Since both a and a + 2 are not divisible by 3 and a + 2 is not divisible by 5, it follows that gcd{a, a + 3} = gcd{a + 2, a + 7} = gcd{a + 2, a − 1} = 1.
Hence any new adjacencies after the swap consist of relatively prime labels. Case 5: Suppose that a ≡ 2 (mod 3) and 5 | a + 2.
The labels a, a + 1, a + 2, a + 6, a + 7, a + 8 are reassigned as a + 6, a + 7, a + 8, a + 2, a + 1, a, respectively. Based on the placement of the swapped labels, as in Case 3, we need only check the gcd of six pairs of labels. Since a ≡ 2 (mod 3), a + 2 ≡ 0 (mod 5), and a ≡ 0 (mod 7), gcd{a − 1, a + 6} = gcd{a + 3, a + 8} = gcd{a + 2, a + 5} = gcd{a + 1, a + 6} = gcd{a, a + 9} = 1.
If (v i+2 ) = a + 8 in the original labeling of the vertices, then since a is odd, a ≡ 2 (mod 3), and a + 2 ≡ 0 (mod 5), it follows that gcd{a + 15, a} = 1. Since k is odd, it is not possible for (v i+2 ) to be 4. It is possible that (v i+2 ) = 1 in the case of i = 2k − 1, but in this case, (v i+3 ) = 8 and the label a is adjacent to 8, which again proves our claim. Thus, all new pairs of adjacent labels are relatively prime.
Combining all cases, we have proven that the labeling is prime for all odd k. Now suppose that k is an even integer. In order to have k even labels on the vertices v 1 , . . . , v n , every other vertex v i must be even. However, for each i, both v i and v i+k will be labeled with an even integer and so neither u i or u i+k can be labeled with an even number. Thus, less than k even labels can be used on the vertices v 1 , . . . , v n . We cannot use more than k even labels on u 1 , . . . , u n since only one of (u i ), (u i+k ) can be even for each i = 1, . . . , k. Therefore, we have α(GP * (2k, k)) < 2k = 1 2 |V |, so by Lemma 1, this graph is not prime when k is even.
Theorem 21. If 2n − 3 is prime, then pr(GP (n, 1)) = 2n + 1.
Proof. We may assume n ≡ 0 (mod 3), otherwise 2n − 3 is a multiple of 3. If n ≡ 2 (mod 3), then we use the labeling defined in Table 12 . If n ≡ 1 (mod 3), then we use the labeling defined in Table 13 .
Theorem 22. If 2n − 5 is prime, then pr(GP (n, 1)) = 2n + 1.
Proof. We can assume n ≡ 1 (mod 3) to avoid 3 dividing into 2n − 5. If n ≡ 0 or 2 (mod 3) and n ≡ 1, 2, or 4 (mod 5), then we use the labeling defined in Table 14 . When n ≡ 0 or 2 (mod 3) and n ≡ 0 (mod 5), then 2n − 5 ≡ 0 (mod 5), so we ignore these cases. When n ≡ 0 (mod 3) and n ≡ 3 (mod 5), then we use the labeling defined in Table 15 . When n ≡ 2 (mod 3) and n ≡ 3 (mod 5), then we use the labeling defined in Table 16 .
Theorem 23. If n + 6 is prime, then pr(GP (n, 1)) = 2n + 1.
Proof. Assume that n ≡ 0 (mod 3), else n + 6 is divisible by 3. If n ≡ 1 or 2 (mod 3) and n ≡ 0, 2, or 3 (mod 5), then we use the labeling defined in Table 17 . If n ≡ 2 (mod 3) and n ≡ 1 (mod 5), then we use the labeling defined in Table 18 . If n ≡ 1 (mod 3) and n ≡ 1 (mod 5), then we use the labeling defined in Table 19 . If n ≡ 1 or 2 (mod 3) and n ≡ 4 (mod 5), then n + 6 is divisible by 5, so these cases are removed. 1 2 · · · n − 3 n − 2 n − 1 n n + 5 n + 6 · · · 2n + 1 n + 1 n + 2 n + 4 Table 4 : Labeling for Theorem 17 when n ≡ 0 (mod 3) 1 2 · · · n − 3 n − 2 n + 2 n + 1 n + 5 n + 6 · · · 2n + 1 n n + 3 n + 4 Table 5 : Labeling for Theorem 17 when n ≡ 1 (mod 3) 1 2 3 4 · · · n − 3 n − 2 n − 1 n 2n − 1 2n + 1 n + 1 n + 2 · · · 2n − 5 2n − 2 2n − 3 2n − 4 Table 6 : Labeling for Theorem 18 when n ≡ 0 (mod 3) 1 2 3 4 · · · n − 5 n − 4 n − 3 n − 2 n − 1 n 2n − 1 2n + 1 n + 1 n + 2 · · · 2n − 7 2n − 4 2n − 5 2n − 6 2n − 3 2n − 2 Table 7 : Labeling for Theorem 18 when n ≡ 1 (mod 3) 1 2 3 4 5 6 · · · n − 7 n − 6 n − 5 n − 4 n − 3 n − 2 n − 1 n 2n − 3 2n − 1 2n − 2 2n + 1 n + 1 n + 2 · · · 2n − 11 2n − 8 2n − 9 2n − 10 2n − 7 2n − 6 2n − 5 2n − 4 · · · n − 5 n − 4 n − 3 n − 2 n − 1 n 2n − 3 2n − 1 2n 2n + 1 n + 1 n + 2 · · · 2n − 9 2n − 6 2n − 7 2n − 8 2n − 5 2n − 4 Table 9 : Labeling for Theorem 19 when n ≡ 2 (mod 3) 1 2 3 4 · · · n − 2 n + 1 n + 2 n 2n + 1 2n 2n − 1 · · · n + 5 n + 4 n + 3 Table 10 : Labeling for Theorem 20 when n ≡ 1 (mod 3) 1 2 3 4 · · · n − 2 n n + 3 n − 1 2n + 1 2n 2n − 1 · · · n + 5 n + 4 n + 2 · · · n − 5 n − 4 n − 3 n − 2 n + 2 n + 3 n + 7 n + 8 n + 9 · · · 2n + 1 n + 1 n n − 1 n + 4 n + 6 Table 17 : Labeling for Theorem 23 when n ≡ 1 or 2 (mod 3) and n ≡ 0, 2, or 3 (mod 5) 1 2 3 · · · n − 5 n − 4 n − 3 n − 2 n + 2 n + 5 n + 7 n + 8 n + 9 · · · 2n + 1 n + 1 n n + 3 n + 4 n + 6 Table 18 : Labeling for Theorem 23 when n ≡ 2 (mod 3) and n ≡ 1 (mod 5) 1 2 3 · · · n − 5 n − 4 n − 3 n − 2 n + 4 n + 5 n + 7 n + 8 n + 9 · · · 2n + 1 n + 1 n n + 3 n + 2 n + 6 Table 19 : Labeling for Theorem 23 when n ≡ 1 (mod 3) and n ≡ 1 (mod 5)
